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We study the effects of an attractive three body interaction potential on a spin-1 ultracold Bose
gas using mean field approach (MFA). For an antiferromagnetic (AF) interaction, the third MI
lobe is predominantly affected, where it completely engulfs the second and the fourth MI lobes at
large values of the interaction strength. Albeit no significant change is observed beyond the fourth
MI lobe. The formation of the spin singlet (nematic) MI phase and the different order of phase
transitions to the SF phase have been carefully scrutinized with the help of spin eigenvalues and
spin nematic order parameter. In the ferromagnetic case, the phase diagram shows similar features
as that of a scalar Bose gas. We have compared our results on the MFA phase diagrams for both
types of the interaction potential via a perturbation expansion in both the cases.
I. INTRODUCTION
Unlike thermodynamic phase transitions, quantum
phase transitions (QPT) are governed by the quantum
fluctuations and form a major backbone in exploring
correlated many body phenomena in condensed matter
physics. The technological advancements in cooling and
trapping of the ultracold atomic gases in optical lattices
have finally paved the way to observe various QPTs and
hence act as a quantum simulator due to the tunability
of diverse experimental parameters.
A prominent example of such QPT is the experimen-
tal realization of the superfluid (SF) to Mott insula-
tor (MI) transition by magneto-optically trapped (MOT)
87Rb atoms in an optical lattice [1]. The general proper-
ties of these trapped ultracold atoms in optical lattices
were first outlined by Jacksh et al. [2] where one can
easily go from a state of coherent superfluid (SF) to a MI
phase as long as one plays with the system parameters,
such as, the tunneling and the on-site interaction poten-
tial of the Hamiltonian.
In principle, the bosonic atoms can have multiple de-
grees of freedom whose occurrence entirely depend upon
the trapping mechanism. In contrast to MOT which con-
fines the atoms in a single hyperfine state thereby pro-
ducing a spin-0 Bose gas, the use of sophisticated optical
dipole trap helps in preserving all the hyperfine degrees
of freedom and thus treat the system as a spinor Bose
gas. Such an idea is now a reality after the successful
observation by optically trapping 23Na atoms where the
interaction between the dipole force of neutral atoms and
electric field of laser beams results in a spin-1 condensate
[3, 4].
The general dynamics of spin-1 ultracold Bose gas in
an optical lattice is described by an extended Bose Hub-
bard model which includes an additional spin dependent
interaction potential due to the presence of hyperfine de-
grees of freedom [5–7]. Such a spin dependent interaction
can be antiferromagnetic (AF) as well as ferromagnetic
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in nature and thus possesses a wealth of rich phase prop-
erties and quantum magnetism as a result of spontaneous
symmetry breaking of the ground state. It was found that
the ground state shows a U(1)×S2 symmetry in the AF
case and a SO(3) symmetry in the ferromagnetic case in
contrast to the usual U(1) symmetry of a standard spin-0
BHM [5, 6].
To understand the origin of various phases in a spinor
gas, several numerical techniques, such as mean field
approximation (MFA) [8–10], quantum Monte Carlo
(QMC) [11–14] and strong coupling perturbative expan-
sion (PMFA) [15–17] have been developed to gain an
in-depth knowledge on how different extent of the Mott
insulating and superfluid phases will affect the ground
state phase diagram. In the AF case, the MI state with
even occupation densities form a spin singlet state with
vanishing spin nematic order, while the odd occupation
densities show a spin nematic state with a finite nematic
order parameter. This phenomenon of spin singlet (ne-
matic) formation is now responsible for an even (odd)
asymmetry in the MI phase and hence shows a first (sec-
ond) order transition to the SF phase [8–17]. However
density matrix renormalization group (DMRG) studies
indicate a signature of a dimerized phase and shows odd-
even asymmetry for higher values of the AF interaction
[18].
Besides, the use of hyperfine degrees of freedom as a
short lattice dimension, known as synthetic dimension
helps in realizing high synthetic magnetic field [19] and
various density ordered SF phases in presence of spin-
orbit coupling (SOC) [20, 21]. Later, the inclusion of
long range extended interactions such as density-density
[22] and spin-spin [23] extended interactions displays a
charge (CDW) and spin density wave (SDW) pattern in
the MI phase in the former case, while an antiferromag-
netic SF (AFSF) which has both the crystalline and off-
diagonal order in the latter. Moreover, the effects of mag-
netic fields [24–30], disorder [31–33], dipolar interaction
[34, 35] and spin dynamics etc have now been studied
extensively in the context of a spin-1 Bose gas.
Apart from studying such properties in presence of
two body interactions cited above, recently, the conse-
quences of higher body interaction, such as a repulsive
2three body interaction on the ground state phase dia-
grams have been explored on a spin-1 ultracold Bose gas
using MFA in chapter 6 and DMRG [36, 37] techniques.
Interestingly, the mean field phase diagram still shows a
spin nematic-singlet formation and hence an asymmetry
in the MI phase in presence of both the two and three
body interactions, while for a purely three body interac-
tion such asymmetry is destroyed [38]. On the contrary,
the DMRG studies show that there is neither any asym-
metry, nor any spin singlet-nematic formation in the MI
phase and there is a possible phase transition involved in
the SF phase in presence of both the two and three body
interactions [36, 37].
Besides the presence of such repulsive three body in-
teraction, another form of three body interaction which
is attractive in nature is proposed by Safavi-Naini et al.
[39]. Such interaction can be observed by exciting a triple
occupied state into an excited hyperfine state so that they
can form a trimer state. Such type of attractive interac-
tion was studied in the context of a spin-0 Bose gas where
it is found to affect a particular MI lobe. Motivated by
such interesting phenomena, it is worthwhile to explore
the effects of an attractive multi-body (three body) in-
teraction in a spinor Bose gas. We shall study the effects
of an attractive three body interaction on the SBHM to
see the consequences on the phase diagrams, particularly
the existence of odd-even asymmetry in the MI lobes.
Besides the presence of such repulsive three body in-
teraction, another form of three body interaction which
is attractive in nature is proposed by Safavi-Naini et al.
[39]. Such interaction can be observed by execiting a
triple occupied state into an excited hyperfine state which
can form a trimer state and was studied in the context of
a spin-0 Bose gas where it is found to affect a particular
MI lobe. Motivated by such interesting phenomena, it is
worthwhile to explore the effects of an attractive multi-
body (three body) interaction in a spinor Bose gas. In
this work, we shall study the effects of an attractive three
body interaction on the SBHM to see the consequences
on the phase diagrams, particularly the existence of odd-
even asymmetry in the MI lobes.
II. MODEL
For spin-1 ultracold Bose gases loaded in an optical
lattice, the Hamiltonian in presence an attractive three
body interaction can be written as [5, 6, 39],
H = −t
∑
<ij>
∑
σ
(a†iσajσ + h.c)− µ
∑
i
ni + U3
∑
i
δni,3
+
U0
2
∑
i
ni(ni − 1) +
U2
2
∑
i
(S2i − 2ni) (1)
Here operator a†iσ creates a boson at site i with spin,
σ = ±1, 0 and t is the hopping amplitude from site i
to site j. The number operator is ni =
∑
σ niσ where
niσ = a
†
iσaiσ and µ denotes the chemical potential. The
total spin operator at a site i is given by, Si = a
†
iσFσσ′aiσ′
where Fσσ′ are the components of spin-1 matrices. U0
and U2 refer to the two body spin independent and
spin dependent on-site interaction potentials respectively
while U3 is the attractive three body interaction strength.
It was experimentally found that for 23Na atoms, the
spin dependent interaction value is U2/U0 = 0.0331, ref-
ereed to antiferromagnetic (AF) while for 87Rb atoms, it
corresponds to -0.046, refereed to ferromagnetic interac-
tion [5].
In order to study the MI-SF phase transition related
with Eq.(1), the hopping term is decoupled by employing
the mean field approximation as[10, 15]
a†iσajσ ≃ 〈a
†
iσ〉ajσ + a
†
iσ〈ajσ〉 − 〈a
†
iσ〉〈ajσ〉 (2)
where the superfluid order parameter is defined as the
equilibrium value of an operator at a site i as ψiσ = 〈aiσ〉
assuming the order parameter is real. Using the above
decoupling approximation, Eq.(1) can be written as the
sum of the mean field Hamiltonians,H =
∑
iH
MF
i where
HMFi is given by,
HMF =
U0
2
n(n− 1) +
U2
2
(S2 − 2n)− µn+ U3δn,3︸ ︷︷ ︸
H0
− t
∑
σ
(ψσaσ + h.c) + t
∑
σ
ψ2σ︸ ︷︷ ︸
H
′
(3)
Here, H0 andH
′
correspond to the unperturbed and per-
turbation Hamiltonians respectively and the site index, i
is removed due to homogeneity of the system. To obtain
the equilibrium values of the SF order parameter, ψeq
and local densities, ρeq in the ground state, the mean
field Hamiltonian [Eq.(3)] can be diagonalized by form-
ing the matrix elements in the occupation number basis,
|nσ〉 as 〈nσ|H
MF |n′σ〉. Starting with an initial guess val-
ues for ψσ and for n = 7, we have continued the diagonal-
ization process until the self consistent ground state, Ψg
is reached. Finally, we obtain the equilibrium SF order
parameter and local densities as (dropping the subscript
eq from hereafter)
ψσ = 〈Ψ
g|aσ|Ψ
g〉 ψ =
√
ψ2+ + ψ
2
0 + ψ
2
−
ρσ = 〈Ψ
g|nσ|Ψ
g〉 ρ = ρ+ + ρ0 + ρ− (4)
III. RESULTS
A. MI lobes in the atomic limit
In order to see how such an attractive three body in-
teraction affects the MI-SF phase transition, let us first
consider the atomic limit, that is, t = 0 in Eq.(1). In
the atomic limit, the system is completely in the insulat-
ing phase and hence the width of the MI lobe, (µ) is the
3difference between the upper (µ+) and the lower (µ−)
values of the chemical potential for a given occupancy, n
[31]. For t = 0, assuming a common eigenstate |S, Sz, n〉
for H0 where the corresponding operators, S, Sz , n com-
mute with each other, the energy eigenvalue, E0(S, n) of
H0 is given by,
E0(S, n) =
U0
2
n(n−1)+
U2
2
[S(S+1)−2n]−µn+U3δn,3
(5)
In the AF case, for the time being, we are assuming that
the spin eigenvalue, S = 0 for the even and S = 1 for the
odd MI lobes, as considered earlier without U3 in Ref.[31].
The boundaries of the MI lobe (µ±) can be obtained from
the relation, E0(S1, n − 1) < E
0(S, n) < E0(S2, n + 1),
where S1,2 are the two spin eigenvalues corresponding to
n ∓ 1 occupancies. For the MI lobe with n = 3, this
inequality yields the following condition,
2 +
U3
U0
<
µ
U0
< 3− 2
U2
U0
−
U3
U0
(6)
Similarly for all other occupation densities, we have ob-
tained the boundaries of each MI lobe separately and fi-
nally plotted them in Fig.1 for different values of U3/U0.
It shows that at a representative value for U3, namely,
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FIG. 1. The width of the MI lobes in the atomic limit (t = 0)
with U2/U0 = 0.05 for different values of U3/U0. The plot
shows that the odd-even asymmetry is destroyed around the
third (ρ = 3) MI lobe.
U3/U0 = −0.5, although there is no change in the first
and the fifth MI lobes but surprisingly the third MI
lobe expands considerably, thereby engulfing the second
(ρ = 2) and the fourth (ρ = 4) MI lobes. Also the
critical value of U2/U0 at which all odd MI lobes dis-
appear still remains at 0.5 [31] for the first and the fifth
MI lobes, while for the third MI lobe, it corresponds to
U c2 > U0/2−U3. Further, for a larger value of U3, namely,
U3/U0 = −1.1, the third MI lobe grows compared to the
other MI lobes by completely encroaching into the second
and the fourth MI lobes. This implies that there exists a
critical value of U3 below which the second and the fourth
MI lobes survive which is given by, U c3/U0 = 1+2U2/U0.
It is relevant to mention that for a scalar Bose gas, this
critical value is of the order of 1, that is U3 ≃ −U0. While
for a spinor Bose gas, this critical value depends on the
two body spin dependent interaction, U2.
B. MFA phase diagrams
Now, to understand how such an attractive interac-
tion modifies the odd-even asymmetry and hence the spin
nematic-singlet formation in the MI phase, we shall com-
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FIG. 2. Phase diagrams from MFA (solid lines) and PMFA
(dashed lines) for U2/U0 = 0.05 with attractive three body
interaction potential, U3/U0 in (a). With increasing U3/U0,
the asymmetry is destroyed around the third MI lobe. The
phase diagrams corresponding to the higher values of spin de-
pendent interaction, namely at U2/U0 = 0.1 and at a critical
value, Uc2/U0 = 1.0 in (b).
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FIG. 3. The population fraction, Nσ/N with occupation densities, ρ for U2/U0 = 0.05 with U3/U0 in (a). The total spin
eigenvalue, 〈S2〉 and the spin nematic order parameter, Qzz for U2/U0 = 0.05 corresponding to the even in (b) and the odd in
(c)-(f) MI lobes. The spin siglet formation is observed for the even MI lobes in (a). For the first (ρ = 1) [(c), (d)] and the third
(ρ = 3) [(e), (f)] odd MI lobes with U3/U0 = −0.5 and U3/U0 = −1.4. For the third MI lobe, we have found a second order
phase transition at µ/U0 = 1.2 and a first order at µ/U0 = 2.5 for U3/U0 = −1.4.
pute the mean field phase diagrams by turning on the
hopping strength, t/U0. The results are shown in Fig.2
(a) and (b).
For U2/U0 = 0.05 [Fig.2(a)], we have found that at
U3/U0 = −0.5, the third MI lobe grows considerably
by encroaching into both the second and the fourth MI
lobes, while the first MI lobe remains unaffected as seen
from Fig.2. At U3/U0 = −1.1, the third MI lobe com-
pletely occupies the second and the fourth MI lobes, since
the critical value of U3/U0 below which they exist corre-
sponds to 1 + 2U2/U0 as seen from Fig.1.
Also, we have checked that at the critical value of
U c2/U0 = 1.0 for U3/U0 = −0.5, the phase diagram only
consists of all the even MI lobes, since all the odd MI
lobes disappear at this critical value [Fig.2(b)]. At higher
values of U2, namely, U2/U0 = 0.1, the phase diagram
shows similar effects as that of Fig.2(a) different values
of U3/U0 [Fig.2(b)]. Increasing U3/U0 leads to the stabi-
lization of the third MI lobe and hence the critical tun-
neling strength, tc/U0 also increases corresponding to the
MI-SF phase transition.
The phase diagrams in Fig.2(a) and (b) show that, un-
like the repulsive three body interaction [38], which re-
tains the odd-even asymmetry in the MI lobes, here the
attractive three body interaction diminishes the odd-even
asymmetry around the second and the fourth MI lobes.
This typically raises one concern, namely, whether will
there any such asymmetry sustain beyond the fourth MI
lobe. To answer that, we have obtained the phase dia-
gram corresponding to higher occupation densities and
found that the chemical potential widths for the fifth
(ρ = 5) as well as the sixth (ρ = 6) MI lobes remain
unaltered for different values of U3/U0. This certainly
underscores the importance of such interaction potential
solely around the third MI lobe and also indicates that
the asymmetry being intact beyond the fourth MI lobe.
C. Spin eigenvalue and spin nematic order
parameter
Further, in order to check if there is any phase tran-
sition involved with the SF phase, that is, from trans-
verse polar (TP) to longitudinal polar (LP) state, we have
shown the spin population fraction, ρσ/ρ as a function of
the occupation densities, ρ with U3/U0 for U2/U0 = 0.05
in Fig.3 (a). It indicates that the hyperfine fractions cor-
responding to σ = ±1 are equal, that is, ρ+ = ρ−. This
is obvious since in absence of an external magnetic field,
the total magnetization is conserved. Also no crossover
is observed among the ρ±/ρ and ρ0/ρ components which
suggests that the SF phase is completely in the TP state,
as ρ± > ρ0. Further, at U3/U0 = −0.5, we have found
that the spin singlet formation corresponding to all even
MI lobes occur where all the spin populations are equal,
that is, ρ±/ρ = ρ0/ρ [14]. Besides, it shows that the
5asymmetry is present around the fifth and the sixth MI
lobes at larger values of U3/U0.
We have seen earlier that smaller values of attractive
three body interaction show the spin singlet formation in
the MI phase. It is therefore necessary to ascertain the
order of phase transition as well as the spin eigenvalue
variation from a spin singlet (nematic) MI phase to a SF
phase. For U3/U0 = −0.5, the spin eigenvalue, 〈S
2〉 = 0
for all the even MI lobes which indicates the formation
of a spin singlet phase and it shows a first order phase
transition to the SF phase Fig.3 (b). The spin eigen-
value, 〈S2〉 corresponding to the first (ρ = 1) is shown
in Fig.3 (c) and the third (ρ = 3) in Fig.3 (e) MI lobes
with U3/U0 for U2/U0 = 0.05. At both values of U3, the
〈S2〉 = 2 indicates the existence of a spin nematic state
corresponding to all odd MI lobes. Also, the phase tran-
sition from spin nematic MI to SF phase still continues to
have a second order character for both the first (µ = 0.7)
and third (µ = 2.5) MI phases at U3 = −0.5U0. Inter-
estingly, at larger value of U3, namely, U3/U0 = −1.4,
the first MI lobe (µ = 0.7) shows a first order transition,
while the third MI lobe displays a second order transi-
tion at µ = 1.2 and a first order transition at µ = 2.5 to
the SF phase respectively [Fig.3 (c) and (e)]. Further, we
have computed the SF order parameter and the ground
state energy. They show similar kind of phase transition
as pointed out above corresponding to different MI lobes
for both values of U3/U0.
Now we shall look into the magnetic properties which
signify the spin anisotropy of the spin singlet-nematic
MI phases in presence of an attractive three body inter-
action. For that purpose, we have again calculated the
z-component of the spin nematic order parameter which
is defined as, Qzz = 〈S
2
z〉 − (1/3)〈S
2〉 [7, 13, 28, 40]. In
the AF case, for the first and third MI lobes, Qzz is finite
in the MI phase and it shows a second order transition
at U3 = −0.5U0, while a first as well as a second or-
der phase transition for U3 = −1.4U0 to the SF phase
as pointed out earlier by us [Fig.3 (d) and (f)]. For the
spin singlet MI phase, the spin nematic order parameter
vanishes since all the spin population fractions are equal,
that is, ρ±/ρ = ρ0/ρ and a first order transition to the
SF phase is observed [Fig.3 (b)].
D. PMFA phase diagrams
Since the spin eigenvalues, S = 0 for the even and
S = 1 for the odd MI lobes in presence of three body
interaction, we shall now focus on obtaining the analytic
phase diagrams using perturbative mean field approaches
(PMFA) to compare them with the numerical mean field
phase diagram. Using H
′
as the perturbed Hamiltonian
in Eq.(3), the ground state energy, En which includes the
first and second order corrections, is expressed in a series
of ψ [15] as,
En(ψ) = E
0 + C2(U0, U2, µ, n, U3)
∑
σ
ψ2σ (7)
The boundary between the MI-SF phase is obtained by
putting C2(U0, U2, µ, n, U3) = 0 due to minimization of
En(ψ) with respect to ψ. Using Eq.(7), the boundary
equation corresponding to the third MI lobe (ρ = 3) is
given by,(
1
t
)
n=3
=
8/15
µ− 2U0 + 3U2 − U3
+
28/15
3U0 + U2 − µ− U3
+
5/3
µ− 2U0 − U3
+
4/3
3U0 − 2U2 − µ− U3
(8)
Similarly for other MI lobes, we can obtain the boundary
equations and the resultant phase diagrams are shown in
Fig.2 (a) and (b) (dashed lines).
At both values of U2/U0, the PMFA phase diagrams
are in excellent agreement with the MFA results for all
odd and even MI lobes corresponding to all values of
U3/U0. However, we have checked that at smaller values
of U2/U0 ≤ 0.03, the MFA and the phase diagrams ob-
tained via PMFA differ from each other slightly at the tip
of the MI lobes, particularly it is prominent for the third
MI lobe. Such deviation is due to inadequacy of the MFA
to handle the fluctuations in reduced dimensions [15, 16].
The above equation, which is quadratic in µ, also shows
that the critical tunneling strength, tc/U0 for the loca-
tion of the MI-SF phase transition now increases as the
three body interaction potential is enhanced.
E. Phase diagram at U3 = −1.4U0
In Fig.3 (c)-(f), the spin eigenvalue and the spin ne-
matic order parameters display different orders of phase
transition at U3/U0 = −1.4 which certainly necessitates a
careful scrutiny of the complete phase diagram at differ-
ent values of the chemical potential, µ. For that purpose,
we have studied the behaviour of variational energy, Ev
and the SF order parameter variation from the MI to the
SF phase as a function of t/U0 for both the ρ = 1 and
ρ = 3 MI lobes with ψ+ = ψ− and ψ0. For the first MI
lobe (ρ = 1) at µ/U0 = 0.75, the variational energy, Ev
shows a single minimum in the MI phase at t/U0 = 0.005
[Fig.4 (a)].
As we approach toward the SF phase at t/U0 = 0.016,
four degenerate minima are formed [Fig.4 (b)]. Finally
at t/U0 = 0.005 indicates a first order transition due to
discontinuous evolution of the global minima [Fig.4 (c)].
Similarly, Ev for the third (ρ = 3) MI lobe, that is, at
µ/U0 = 0.75 + ǫ, where ǫ = 0.001, also demonstrates a
first order phase transition at t/U0 = 0.04 [Fig.4 (d)].
On the other hand, the variational energy for the first
MI lobe at µ/U0 = 0.25 shows a global minima in the
MI phase and its continuous evolution in the SF phase
signifies a second order transition. Further the order pa-
rameter and the variational energy indicate an analogous
behaviour near the vicinity of the third (ρ = 3) and the
fifth (ρ = 5) MI lobes.
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(d) µ/U0=0.7501, t/U0=0.04, U3=-1.4U0
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FIG. 4. The variational energy (Ev) behaviour for the first MI
lobe (ρ = 1) at µ/U0 = 0.75 in the MI phase at zt/U0 = 0.005
in (a), near the MI-SF phase at zt/U0 = 0.016 in (b) and
finally in the SF phase at zt/U0 = 0.04 in (c) for U3/U0 =
−1.4. Ev shows a discontinuous transformation of the global
minimum to four degenerate minima is a signature of first
order transition for the first MI lobe (ρ = 1). The third MI
lobe (ρ = 3) at µ/U0 = 0.7501 also shows first order transition
from the MI to the SF phase in (d).
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FIG. 5. The detailed mean filed phase diagram depicting the
first (dashed line) and second (solid lines) order transition for
U3/U0 = −1.4 with U2/U0 = 0.05 in (a). The MFA (solid
lines) and PMFA (dashed lines) phase diagrams in the ferro-
magnetic case U2/U0 = −0.04 with U3/U0 in (b).
Thus the final phase diagram depicting the first and
second order transition is shown in Fig.5 (a) where the
solid line represents a second order, while the dashed line
indicates a first order phase transition.
The phase diagrams corresponding to the ferromag-
netic case (U2/U0 = −0.04) for different values of U3/U0
are shown in Fig.5 (b) and they are identical to a spin-0
Bose gas . We have also found similar kinds of phase tran-
sition corresponding to different MI lobes at U3 = −1.4U0
which was pointed out earlier in Ref.[39].
IV. CONCLUSION
In this work, we have explored the consequences of
an attractive three body interaction on the phase dia-
gram of a SBHM using mean field and perturbative ap-
proaches. In the AF case, the third MI lobe expands
by encroaching into the neighbouring second and fourth
MI lobes which affects the odd-even asymmetry in the
MI phase for smaller values of the three body interaction
strength. However above the critical value of the three
body strength, the third MI lobe predominantly occu-
pies the whole phase diagram where it completely engulfs
the neighbouring even MI lobes and thereby destroy-
ing such asymmetry around the second and the fourth
MI lobes. Although the asymmetry remains intact be-
yond the fourth MI lobe at higher values of the potential
strength.
The spin eigenvalue and the nematic order parame-
ter shows the formation of the spin singlet and nematic
state corresponding to the even and odd MI lobes re-
spectively for smaller values of the interaction strength.
Also the order parameters show that the phase transition
to the SF phase still maintains a first and second order
character from the spin singlet and nematic MI phases
respectively. At a considerable higher values of the three
body strength, we have found a first as well as a second
order transition at different location of the chemical po-
tential corresponding to the first and the third MI lobes.
This was confirmed by carefully scrutinizing the varia-
tional ground state energy and the spin eigenvalue and
spin nematic order parameter.
The region in the vicinity of the first and third, as well
as the third and the fifth MI lobes also show a first or-
der phase transition which were subsequently confirmed
from the behaviour of the variational energy and order
parameters. Finally, all these MFA phase diagrams have
splendid match with the analytical phase diagrams ob-
tained using perturbative expansion (PMFA). Both the
phase diagrams are in good agreement with each other
however a small discrepancy is observed near the tip of
the MI lobes for smaller values of the two body spin de-
pendent interaction potential. In the ferromagnetic case,
the MFA phase diagrams are similar to that of the spin-0
Bose gas for different values of the three body interac-
tion strength and they are in complete agreement with
the analytical PMFA phase diagrams.
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